[1] Even though high-frequency seismograms of local earthquakes are complex because of the excitation of scattered waves caused by random lithospheric heterogeneities, their envelopes are well reproduced by the forward scattering approximation on the basis of stochastic characterization of random media. We present a method to synthesize three-component vector wave envelopes for a point shear dislocation source by way of the stochastic raypath method using the Markov approximation for the parabolic wave equation. Because of multiple forward scattering, the directionality of the synthesized envelope shows a smoothed quadrant pattern compared to the original radiation pattern; the scattered or diffracted energy appears even in the direction of the null axis and on the nodal planes. The quadrant pattern becomes smooth as hypocentral distance increases. To examine the availability of the synthesized envelope, we analyze seismograms of two small strike-slip earthquakes that occurred in southwestern Japan. First, we estimate the statistical parameters characterizing the randomness and the intrinsic absorptions in frequencies 2-4, 4-8, and 8-16 Hz assuming a von Karman-type random medium, and then we examine the directionality of the envelope. The maximum energy density of the envelope shows a quadrant pattern for both P and S waves with a 45 degree shift. The directionality appears in the frequencies up to 16 Hz and at distances up to 200 km. The directionality also appears on the S wave envelope duration. The observed directionality is well explained by the synthesized envelope, but it is still difficult to explain the partition of energy into three components by the synthesized envelopes.
Introduction
[2] Seismograms of local earthquakes are very complex in high frequencies due to scattering caused by random inhomogeneities distributed in the lithosphere. Therefore, discarding phase information and focusing on seismogram envelopes, many studies have succeeded in explaining high-frequency seismogram envelopes by approximating the random inhomogeneous medium using a simple statistical representation. For example, assuming multiple isotropic scattering and a point shear dislocation source in a scattering medium, Sato et al. [1997] synthesized the space-time distribution of energy density on the basis of the radiative transfer theory. The envelope simulated by this method well explains the directionality of coda excitation. By using the synthesized energy density based on the multiple isotropic scattering model as the envelope Green's function, Nakahara et al. [1998] developed a practical envelope inversion method to estimate the distribution of the high-frequency energy radiation from a large earthquake.
[3] Although the multiple isotropic scattering model is very effective for the excitation of coda wave envelope, it fails to describe the envelope around the direct wave arrival, since direct wave is mostly dominated by energies which experienced multiple forward scattering. When the predominant wavelength is shorter than the correlation length of random heterogeneity, the multiple forward scattering causes broadening in apparent duration of the observed highfrequency envelope [e.g., Sato, 1989; Obara and Sato, 1995] . Applying the parabolic approximation to the wave equation, Sato [1989] first succeeded in explaining the envelope broadening by the multiple small-angle diffraction of seismic waves in random inhomogeneities. Saito et al. [2002] applied the forward scattering approximation to the synthesis of spherical wave envelope in a von Karman-type random medium, which is more realistic representation of the lithospheric heterogeneity since it shows a power law decay with wave number increasing [e.g., Shiomi et al., 1997] . They succeeded in explaining frequency dependence of the envelope broadening which depends on the ratio of the mean squared fractional velocity fluctuation and the correlation length.
[4] Thus, the forward scattering approximation succeeds in describing envelope shape around the direct wave arrival when the predominant wavelength is shorter than the correlation distance of the random medium. However, since the above studies assume spherical radiation from a point source, they cannot explain directionality of the envelope caused by the nonspherical radiation from a point shear dislocation source. There have been several reports on the directionality of seismograms in frequencies higher than 1 Hz [e.g., Vidale, 1989; Satoh, 2002; Takenaka et al., 2003; Takemura et al., 2009] . To develop a more realistic envelope synthesis method, a point shear dislocation source must be included in the simulation. Sato and Korn [2007] examined the directionality of vector wave envelope for a point shear dislocation source in a 2-D random medium using the "stochastic ray path method" proposed by Williamson [1972] . In their method, the histogram of travel times of scattered energy particles is interpreted as the time trace of energy density. They found that scattered waves are excited even in the nodal direction, and the directionality disappears as the lapse time increases. Takahashi et al. [2008] used this method for the vector wave envelope synthesis in a 3-D random medium, but they did not consider the effect of nonspherical source radiation.
[5] In this paper, we propose a method to include the radiation pattern from a point shear dislocation source in the simulation based on the stochastic raypath method in a 3-D random inhomogeneous medium. The scattering angle distribution within a travel distance increment is derived by solving parabolic equation of the wavefield by applying the Markov approximation for multiple forward scattering, where backscattering is neglected. We also compare the synthesized envelopes to the observed ones and discuss how the directionality of the observed envelopes is explained by the syntheses.
Synthesis of Energy Density Envelope

The von Karman-Type Random Inhomogeneous Medium
[6] We consider an inhomogeneous seismic P wave velocity a(x) written as
where a 0 is the background P wave velocity and x(x) is the fractional velocity fluctuation at location x. We imagine an ensemble of random inhomogeneous media {x}, where the randomness is statistically isotropic and homogeneous. Then the random media are statistically characterized by their autocorrelation function (ACF) R(x) ≡ hx(x′ + x)x(x′)i, where the mean square (MS) fractional velocity fluctuation is given
Since many researchers have reported that the velocity fluctuation of well-logging data obeys a power law in large wave numbers [e.g., Shiomi et al., 1997] , we use a von Karman-type function to describe the power spectral density function (PSDF) of the fractional velocity fluctuations in a 3-D medium which is given by
where m is wave number. The von Karman-type PSDF is characterized by three statistical parameters: a root mean square (RMS) fractional velocity fluctuation ", a correlation length a, and a parameter which controls the power law decay of the PSDF in large wave numbers. The power spectral amplitude obeys a power law in large wave numbers and is flat in small wave numbers.
Mathematical Formulation of Wave Propagation
[8] When the wavelength l is shorter than a (l < a), both P to S and S to P conversion scattering are negligible. In this case, scalar potential of P wave and vector potential of S wave are treated independently. P wave scalar potential is governed by the wave equation
where D is Laplacian for coordinate x and t is time. When |x(x)| ( 1 is satisfied, the wave equation (3) is approximated as
The scalar potential is written as a superposition of harmonic spherical waves with the angular frequency w as
where U is the amplitude of the harmonic spherical wave, k 0 = w/a 0 is the wave number, and , 8, r are spherical coordinates. The zenith angle is measured from the global ray direction, which is chosen to the z axis, and the azimuth angle 8 is measured from the x axis (see Figure 1 ). Since U varies slowly along the global ray direction when l < a, the second derivative of U with respect to r is negligible. Thus using equations (4) and (5), we obtain the parabolic wave equation
where the transverse Laplacian D ? is given by
Then, we define the mutual coherence function (MCF) of wavefield U at the different locations r ?1 and r ?2 on the transverse plane at a distance r from the source as
By using equations (6) and (8), we derive the master equation for the MCF as
[9] For the derivation of equation (9), we use the Markov approximation, where backscattering is neglected. Since randomness of the media is statistically homogeneous, G 1 depends only on the difference of transverse coordinates defined by r ?d ≡ |r ?1 − r ?2 | and the hypocentral distance r. The function A(r ?d ) is longitudinal integral of the ACF defined by A(
The derivation of equation (9) is written in chapter 20 of Ishimaru [1978] . Saito et al. [2002] derived an approximate form as
for a von Karman-type random medium, where C() and p() are given by Table 1 of Saito et al. [2002] .
[10] Solving equation (9) for an increment Dr, which should be larger than a, we obtain
Applying the 2-D Fourier transform with respect to r ?d , the transfer equation (11) is written as
where k ? is transverse wave number. The scattering angle Q and scattering azimuth Y are written as Q ≡ sin −1 |s| and
, respectively, where s ≡ k ? /k 0 is the normalized transverse wave number. Replacing k ? by s, we modify the transfer equation as
The function Ĝ S (s, r, k 0 ) is the angular spectrum (AS), which represents the ray angle distribution at distance r. The function F S (s, Dr, k 0 ) represents the scattering angle distribution of the wave energy for the increment distance Dr, which is controlled by PSDF of the medium inhomogeneity. This derivation is an extension of the derivation for a 2-D random medium by Sato and Korn [2007] into a 3-D medium.
[11] For the S wave propagation, we consider a global ray along the z axis and a polarization to the x axis (see Figure 1) , where the vector potential of S wave is written as B = (0, B y , 0). Since the polarity change is negligible through the propagation when l < a [Aki and Richards, 2002, chap. 4.4 .5], we concern only y component of the vector potential. We assume that the fractional velocity fluctuation x(x) is common for Figure 1 . Geometry of the transverse plane at a distance r which is perpendicular to the global ray direction along the z axis. The S wave at the origin O is polarized along the x axis. both P and S waves because the P and S wave velocity fluctuations revealed from well-logging data are well correlated [e.g., Shiomi et al., 1997] . Therefore, we get the same wave equation as equation (4) for S wave by replacing by B y and a 0 by the background S wave velocity b 0 .
Simulation of Three-Component Energy Density Envelope Based on the Stochastic Raypath Method
[12] To obtain three-component energy density envelope, we use a split step Monte-Carlo approach called the stochastic raypath method, which was originally proposed by Williamson [1972] . Here we explain the outline of the envelope synthesis method in a 3-D random medium. 2.3.1. Scattering Process in a Random Medium
[13] The medium is characterized by the P and S wave background velocities a 0 and b 0 , statistical parameters of a von Karman-type random medium ", a, and , which are common for both P and S waves, and the P and S wave intrinsic absorptions Q iP −1 (f 0 ) and Q iS −1 (f 0 ) at the central frequency f 0 . Note that the introduced intrinsic absorptions Figure 2 . Schematic illustration of propagation of the mth energy particle radiated to the z direction from the source at the origin O in a 3-D space. The black and gray broken lines indicate the raypath of the energy particle before and after the rotation. The top left bin describes change of the propagation direction from u n−1 m to u n m by the scattering angle Q n m and scattering azimuth Y n m at the n-1th layer boundary. The top right bin describes a 2-D cross section around the receiver C, where white circles are schematic image of the energy particles exist between the spherical spheres with the radiuses R − Dh (P,S) /2 and R + Dh (P,S) /2 at the time jDt. See the text for other vectors and symbols.
include some scattering loss due to large angle scattering, which is not correctly evaluated by the parabolic approximation. We separate the medium into many spherical layers with a thickness Dr (see Figure 2) . We shoot unit energy particles into the direction e z at the origin O. At the n-1th layer boundary, the mth energy particle is scattered by an angle Q n m according to the scattering angle distribution F S (s, Dr, k 0 ) defined by equation (13). The scattering azimuth Y n m (see Figure 2 , top left) is determined from uniform random values from 0 to 2p. Using Q n m and Y n m , we can determine the unit propagation direction vector in the nth layer u n m iteratively under the initial condition u 1 m = e z . The relationship between u n m and the particle position vector at the nth layer boundary U n m is given by
where l n m is the path length in the nth layer which is derived from
Using equations (14) and (15) 
Weighting of Radiation Pattern
[14] In most studies which include a nonspherical radiation source in Monte-Carlo simulation, energy particles are shot to arbitrary directions from the origin with the weight of energy radiation pattern of the corresponding shot direction [e.g., Sato and Korn, 2007] . However, this method produces many unnecessary shots which do not arrive at the concerning receiver position, which causes considerable increase of computation time. Alternatively, as mentioned in section 2.3.1, we first shoot energy particles to only e z direction. Once the energy particle arrives at the spherical shell with the radius R, we rotate the raypath around the origin so that the particle moves to the receiver position C (gray broken line in Figure 2 ). The rotation is carried out without loss of generality because we assume the medium parameters are isotropic and homogeneous. After the rotation, the new shot direction u B m at the origin gives the takeoff angle of the energy particle. Then, the radiation pattern for a point shear dislocation source
for P wave and
for S wave are weighted to each particle. Here, s and n are unit vectors which indicate the slip direction and the normal direction to the fault, respectively [Sato and Fehler, 1998] , and e B m , e B8 m , e Br m are unit vectors for a spherical coordinate system at the direction u B m .
Energy Projection Into Three Components
[15] Since P wave polarization direction u CP m at the receiver C is the same as the propagation direction of the energy particle, the P wave energy K P m at the receiver is easily projected into three components K P m , K P m , and K Pr m as
where e C , e C8 , e Cr are unit vectors for a spherical coordinate system at the receiver C. The S wave polarization direction u CS m at the receiver C is perpendicular to u CP m , and is always parallel to the plane which is spanned by the shot direction u B m and the initial S wave polarization direction because the S wave polarization direction is conserved under the forward scattering approximation. Using these two conditions, u CS m is uniquely determined. Then the S wave energy K S m at the receiver is projected into three components K S m , K S m , and
Calculation of Energy Density Envelope
[16] We set the inner and outer spheres with the radiuses R − Dh (P,S) /2 and R + Dh (P,S) /2, where Dh P = a 0 Dt and Dh S = b 0 Dt are the thickness of the spherical shell for P and S waves, respectively (see Figure 2 , top right). Dt is the discrete time increment. We denote the number of P and S wave energy particles which exist in the spherical shell at the time jDt as DM P (jDt, R) and DM S (jDt, R), respectively. Finally, time trace of the three-component energy density E , E 8 , and E r at the receiver C is given by
where M is the number of shot energy particles. The released P and S wave source energies W P and W S in the frequency band from f 1 to f 2 and intrinsic absorptions at the central
are multiplied. The division by the volume of the spherical shell 4pR 2 Dh (P,S) gives the dimension of energy density.
3. Characters of the Synthesized Envelopes 3.1. Source, Medium, and Parameters Used for the Simulation
[17] Figure 3 shows the normalized radiation pattern of P and S wave energies for a point shear dislocation source. We set the slip and the nodal directions of the fault to x and y axes, respectively (s = e x and n = e y ). The null direction is on the z axis. We will show the simulation results in directions
, and E ( = 90°, 8 = 45°).
[18] Parameters of the random elastic medium used for the simulation are a 0 = 6.58 km/s, b 0 = 3.80 km/s, " = 0.05, a = 5 km, = 0.5, and Q iP −1 = Q iS −1 = 0. The simulation is carried out at the central frequency f 0 = 8 Hz using Dr = 4 km, Dt = 0.1 s, and the particle number M = 500,000. Here we do not convolve the source time function and the wandering effect (the fluctuation of travel times caused by the long wavelength component of velocity fluctuation in the random media ensemble) to the envelope.
[19] Assuming the seismic moment M 0 = 1.26 × 10 15 Nm and the corner frequency f C = 3.0 Hz which are typical for an M W 4.0 earthquake, we obtain the S wave energy release from 4 to 16 Hz as W S = 9.02 × 10 9 J from the omega square model. We use this value as the S wave energy release from a point source. The P wave energy release W P is set to W P = (b 0 5 /1.5a 0 5 )W S .
Simulation Results
[20] The synthesized three-component energy density envelopes at a distance R = 100 km in the directions from A to E are shown in Figures 4a-4e , respectively. For the comparison, we also show the envelopes for an isotropic source radiation in Figure 4f , where the initial S wave polarization direction is given randomly in 8− plane. Black curves indicate the three-component sum of the energy density envelope (hereafter, we note this envelope as the total energy density envelope). Note that vertical scales of the P and S wave energy densities are different.
[21] The total energy density envelope has the lowest peak value in direction A (null axis) for both P and S waves. The peak value is the highest in directions E and D for P and S wave envelopes, respectively, which are the directions correspond to the maximum energy radiation (see Figure 3) . Because of forward scattering, the energy appears even in the direction of null axis and on the nodal planes. Thus the synthesized envelopes clearly reflect the original radiation pattern of the point shear dislocation source, while the directionality is smoothed by the scattering effect. The threecomponent energy partition is also different from that expected from the isotropic source radiation. Because of the radiation pattern, the 8 component dominates in S wave energy density especially near = 90°, while and 8 components are the same for isotropic, randomly polarized source.
[22] Figure 5 shows directionality of the maximum total energy density for S and P waves at different hypocentral distances. At each distance, the maximum energy densities are normalized so that their spherical integral becomes 4p. The original radiation pattern at the source (0 km distance) is not affected by any scattering. Due to multiple forward scattering, the directionality becomes smooth and approaches isotropic pattern as distance increases. In the null direction = 0°, the normalized maximum energy density increases as distance increases. Even at distance 150 km, the deviation from the isotropic radiation case is more than a factor of 2 in some directions for both P and S waves, which is not negligible in the synthesis of high-frequency envelopes. Normalized radiation pattern of (a) P and (b) S wave energies for a point shear dislocation source. Gray, broken black, and broken gray indicate 8, , and longitudinal components, respectively. The unit vectors s and n represent the slip direction and the normal direction to the fault, respectively. Directions from A to E are used to show the directionality of the envelope in Figure 4 .
[23] Figure 6 shows directionality of the S wave envelope duration t q , which is defined by the duration from the S wave onset to the time the energy density decreases to a quarter of the maximum total energy density (see Figure 4) . Because of the forward scattering, t q increases as hypocentral distance increases, which has been pointed out by many previous works [e.g., Sato, 1989] . We further note that t q is large at nodal directions of the S wave energy radiation pattern especially near = 90°. As the receiver approaches the direction of null axis, t q increases and the quadrant pattern disappears. The energy particles which experienced multiple forward scattering broadly distributes, which causes more increase of t q at the directions where the initial energy radiation is not large. The directionality of t q is not as significant as that of the maximum energy density: the deviation from the isotropic radiation case is within a few tens of percent in any directions and distances.
[24] We note that the envelope shape strongly depends on parameters ", a, , and Q i −1 . The envelope duration t q is broader when " is larger and and Q i −1 are smaller. The broadening is more significant in higher frequencies when is small (large amount of small-scale heterogeneity). The distance decay rate of the maximum energy density becomes more significant for the larger Q i −1 . These characteristics have been fully discussed in pervious works [e.g., Saito et al., 2005] .
Analysis of the Observed Envelopes
[25] Using the synthesized envelopes based on the stochastic raypath method, we analyze seismograms of two strike-slip-type small earthquakes registered by Hi-net (High-sensitivity seismogram network operated by NIED) stations deployed in southwestern (SW) Japan. First, we estimate the statistical parameters ", for a von Karmantype random medium by fixing a = 5 km and intrinsic absorptions Q iS −1 and Q iP −1 for 2-4, 4-8, and 8-16 Hz in this region. At the same time, we also estimate S and P wave energy release from the two earthquakes. Then, we plot the maximum energy density E max and the envelope duration t q normalized by their distance-decay curves against station azimuth in order to extract the effects of the nonspherical focal mechanism. The analysis is not carried out for each threecomponent envelope but for the total energy density envelope.
Data
[26] Figure 7 shows the locations of two earthquake epicenters with their focal spheres and Hi-net stations used for the analysis. We select Hi-net stations with a hypocentral Figure 4 . Synthesized three-component P and S wave energy density envelopes for a point shear dislocation source at a distance 100 km. (a-e) Corresponding images to the directions from A to E described in Figure 3 . The central frequency and the used statistical parameters are 8 Hz, " = 0.05, a = 5 km, and = 0.5, respectively. Black, gray, broken black, and broken gray curves indicate three-component sum, 8, , and longitudinal components, respectively. (f) Synthesized envelopes for the isotropic radiation case, where the initial S wave polarization direction is given randomly in 8− plane; t q indicates the S wave envelope duration used in Figure 6 . . The selected earthquakes have a strike-slip-type focal mechanism. The focal depths of the used earthquakes are deeper than 40 km, where the generation of surface and Lg waves is not significant. Table 1 shows their moment magnitude M W , source parameters, focal depths, and numbers of used station. The hypocenters are taken from the Japan Meteorological Agency (JMA) unified hypocenter catalog, and the source parameters and M W are taken from the F-net CMT Figure 5 . Directionality of the total maximum (a) S and (b) P wave energy densities at distances 0 (no scattering), 50, 100, and 150 km for = 0°(light gray), 45°(dense gray), and 90°(black). Broken lines are for the isotropic radiation case. The central frequency and the used statistical parameters are 8 Hz, " = 0.05, a = 5 km, and = 0.5, respectively. The maximum energy densities are normalized so that their spherical integral becomes 4p. 
Data Preprocessing and Envelope Synthesis
[27] We apply the fourth-ordered 2-4, 4-8, and 8-16 Hz band-pass filters to the velocity seismograms of Hi-net. We make energy density envelopes for each frequency band by multiplying the mass density 2700 kg/m 3 to the squared sum of the three-component velocity seismograms, and smooth them by the 1.0 s width box car time window. Then, we apply the coda normalization method [Phillips and Aki, 1986] to minimize the site amplification effect, where S and P waves are assumed to have the common site amplification factor. We select coda record of the station AIOH (white triangle in Figure 7) as the reference seismogram for the normalization, and use the lapse time from 70 to 90 s after the source origin time for the calculation of coda energy. According to the well-logging data provided by NIED, the borehole sensor at the station AIOH is installed at the 200 m depth in the Cretaceous andesitic tuff, where S and P wave velocities are b ref = 2.5 km/s and a ref = 5.4 km/s, respectively. Finally, the S and P wave maximum energy densities E Smax , E Pmax , and the S wave envelope duration t q are cal- culated. As shown in Figure 8 , E Smax is searched from the S wave onset to 1.25 times of the S wave travel time, and E Pmax is from the P wave onset to 1.25 times of the P wave travel time. These ranges are considered to be the limit for the application of the forward scattering approximation [Sato, 2007] . If we pick more than two t q s, we define t q as t q ≡ (t b t e ) 1/2 , where t b and t e are the duration from the S wave onset to the first and the last picking times, respectively.
[28] In parallel to data processing, we synthesize total energy density envelopes for all source-station pairs for central frequencies f 0 = 2.83 Hz (2-4 Hz), 5.66 Hz (4-8 Hz), and 11.31 Hz (8-16 Hz). First, the envelopes are calculated for unit (1 J) energy release for both S and P waves. The global ray direction for each source-station pair is calculated considering the 1-D velocity structure provided by Kyoto University [Oike, 1975] . The envelopes are computed for various sets of parameters; ": from 0.02 to 0.10 with the increment 0.01, : from 0.2 to 1.0 with the increment 0.1, and Q iS −1 and Q iP −1 : from 0.0001 to 0.0050 with the increment 0.0001. Because the parameters a and " cannot be estimated independently, we fix a = 5 km considering the condition l < a for the application of the forward scattering approximation. Note that this does not mean a = 5 km in reality. The background velocities b 0 and a 0 are calculated by dividing the hypocentral distance by the observed S and P wave travel times of each source-station pair, respectively. To account for energy amplification by impedance contrast, the synthesized energy density envelopes are multiplied by 2b S /b ref and 2a S /a ref for S and P waves, respectively, where b S = 3.8 km/s and a S = 6.58 km/s are S and P wave velocities at the earthquake focal depth. Factor 2 account for the downgoing waves reflected on the free surface recorded at the borehole sensor [Kinoshita and Ohike, 2006] , where the upgoing and downgoing waves are assumed not to interfere each other. The synthesized envelopes are smoothed by a 1.0 s width box car time window, and are convolved by a normalized triangle source time function. The duration of the source time function DT is calculated from the empirical relationship DT = 10 0.5Mw−2.3 s [Utsu, 2001] . The wandering effect is not convolved to the envelope because the observed envelope is single realization for one medium while the wandering effect represents the ensemble average of the fluctuation of travel times. Finally, we multiply S and P wave energy release W S,ik and W P,ik to the synthesized envelopes, where the subscripts i and k represent the ith earthquake and the kth frequency band, respectively.
Two-Step Least Square Method
[29] For the estimation of medium parameters, we perform two-step least square method following Saito et al. [2005] . They estimated the statistical medium parameters and intrinsic absorptions in northeastern (NE) Japan by fitting the duration and the maximum value of the synthesized MS envelopes to those of the observed MS envelopes.
[30] For the first step, we minimize each of the residual value defined by 
for t q by searching the best fit ", , Q iS,k −1 , and W S,ik values. The subscript j represents the jth station. The superscripts "obs" and "syn" mean the observations and syntheses, respectively. The number of earthquakes and the number of stations for the ith earthquake are denoted by N e and N s, 
Normalizing R ESmax and R tq by the minimum residual values obtained in the first step, we can equally fit both E Smax and t q .
[32] For the P wave envelope, we fix " and by the best estimates obtained from the second step, and estimate Q iP,k −1 and Q P,ik by minimizing
Estimated Medium Parameters and Energy Release
[33] Figure 9 shows the error contour of the residual value defined by equation (23) for " versus Q iS,k −1 (Figure 9a ), versus Q iS,k −1 (Figure 9b) , and " versus ( Figure 9c ). The best estimates are " = 0.08, = 0.9, Q iS,2-4Hz For Figures 9a-9c , the parameters , ", and Q iS,k −1 are fixed to the best estimates, respectively. The area with residuals smaller than 1.05 times the minimum residual value (numeral under the black circles) is shaded. Q iS −1 is well estimated in 4-8 and 8-16 Hz, while it is not well constrained in 2-4 Hz. We see trade-off between estimation of " and : the larger " estimates the larger . We note that p() in equation (10) becomes almost constant for > 0.6 [Saito et al., 2002] , which means " and cannot be estimated independently for large values. Figure 9d shows variation of the residual value defined by equation (24) , which are shown by black circles. Similar to Figure 9b , Q iP −1 is not well constrained in 2-4 Hz.
[34] Figure 10 shows the observed (solid symbols) and synthesized (open symbols) E Smax ( Figure 10a ) and E Pmax (Figures 10b) values against hypocentral distance. The black and gray curves represent the distance-decay curves E S max and E P max for the observations and syntheses, respectively. The curves are calculated by fitting
to the observed and synthesized E Smax and E Pmax by the least square method. The observed distance dependence is nicely reproduced by the synthesis in all the frequencies. However, the observations fluctuate by a factor of ten even though site amplifications have been corrected using coda normalization method. We think that the fluctuation is partly explained by the radiation pattern as shown in Figure 5 . However, since we assume uniform statistical parameters in the simulation, regional variation of the parameters which cannot be modeled in our simulation may also contribute to this fluctuation.
[35] We plot the observed (solid symbols) and synthesized (open symbols) t q values for the best fit parameters against hypocentral distance in Figure 11 . The black and gray lines represent regression line t q for the observations and syntheses, respectively. The observed distance dependence is nicely reproduced by the synthesis in all the frequencies. We think the fluctuation of observed t q value is partly explained by the radiation pattern as shown in Figure 6 , but here also regional variation of the statistical parameters may contribute to this fluctuation.
[36] In Figure 12 , we show the estimated energy release W S,ik (Figure 12a ) and W P,ik (Figure 12b ) of the two earthquakes by black symbols. For the comparison, the theoretical energy release calculated from the omega square model is also shown by white symbols, where the corner frequencies are assumed to be 3.2 and 5.7 Hz for M W 4.2 and M W 3.7 earthquakes, respectively. Although the estimations are generally smaller than the calculations by a factor of 3 at the maximum, this does not mean systematic difference between them because calculation strongly depends on the assumed corner frequency. We think the energy releases from the used two earthquakes are typical for their magnitudes if we assume the omega square model.
Directionality of the Maximum Energy Density
[37] To analyze directionality of the maximum energy density, we normalize E max by the distance decay curve E max (see Figure 10 ) for both P and S waves because it is necessary to remove the geometrical and intrinsic absorption effects from the maximum energy density. Figure 13 plots E S max /E S max and E P max /E P max against the azimuth measured clockwise from the strike direction of the 21 September 2004 (circles) and 28 March 2009 (triangles) earthquakes. Figures 13a and 13c are the plots at hypocentral distance from 80 to 140 km for S and P waves, respectively, and Figures 13b and 13d are those from 140 to 200 km for S and P waves, respectively. The black and white symbols represent observations and syntheses, respectively. The black curves are smoothed observed data which are calculated by applying the Hanning window 5 times to logarithm of E S max obs /E S max obs and E P max obs /E P max obs .
[38] E S max
obs /E S max obs has peaks around 0, 90, 180, and 270°a nd E P max obs /E P max obs has peaks around 45, 135, 225, and 315°. These quadrant patterns are well explained by the syntheses. The observed directionality seems to be less significant in higher frequencies, however, the syntheses don't show frequency dependence because the estimated value 0.9 almost does not reproduce frequency dependence in the envelope. The quadrant pattern is less clear at 140-200 km compared to that at 80-140 km for both S and P waves, which is qualitatively consistent with the simulation result shown in Figure 5 . The observed azimuthal variation is stronger than the synthesis even after the smoothing. Probably, we need to include regional variation of statistical parameters in the simulation and correct site amplification factors more precisely to account for the strong variation of the observations.
[39] Figure 14 shows plot of the normalized t q value, t q /t q , against the azimuth at distance (a) 80-140 km and (b) 140-200 km. The black curves are smoothing of the observations same as Figure 13 . Although the observed directionality is less clear compared to that of E max , the appeared quadrant pattern is consistent with the syntheses. Together with Figure 13 , we conclude that the apparent radiation pattern remains at hypocentral distance up to 200 km and in frequency up to 16 Hz for the selected earthquakes.
[40] Figure 15 shows total energy density envelopes in 4-8 Hz recorded at the selected 7 stations for the 21 September 2004 (Figure 15a ) and 28 March 2009 (Figure 15b ) earthquakes. The black and gray curves are the observations and the syntheses, respectively. Since there is still large fluctuation in the observed maximum energy density (see Figure 10) , we correct the syntheses so that the time integral from the S wave onset to 1.25 times the S wave travel time matches to that of the observations for each station. Therefore, absolute amplitude of the syntheses in Figure 15 is not correct; only the shape of the envelope can be discussed. Nevertheless, since the correction factor is common for both P and S waves, relative amplitude of each P and S wave envelope can be discussed.
[41] We see broadening of the S wave envelope with travel distance increasing, which is nicely explained by the syntheses. Relative amplitude of the P and S wave energy densities is also well explained. However, coda wave is systematically underestimated because backscattering and P to S, S to P conversions are neglected in the syntheses. Especially, P coda energy is much more excited for the observations compared to that for the syntheses at some stations because most of P wave energy easily converts to S wave energy at P coda [e.g., Yamamoto and Sato, 2010] . Therefore, it is more difficult to explain P wave envelope shape by the forward scattering approximation compared to that of the S wave envelope shape. We note that these characters are held for both 2-4 and 8-16 Hz envelopes, too.
Discussions
5.1. Short-Wavelength Scale Heterogeneity in SW Japan
[42] In this study, the parameters " and are estimated as 0.08 and 0.9 for a fixed value a = 5 km, respectively. Using these parameters, we show the PSDF of fractional velocity fluctuation in SW Japan in Figure 16 together with the results by Saito et al. [2005] and Takahashi et al. [2009] . Saito et al. [2005] targeted on forearc side of NE Japan, where no Quaternary volcanoes exist, while Takahashi Figure 12 . Plots of the (a) S and (b) P wave energy release from the two earthquakes in each frequency band. Black and white symbols indicate the energy release estimated from the maximum energy density and that calculated from the omega square model for M W 4.2 ( f C = 3.2 Hz) and M W 3.7 ( f C = 5.7 Hz) earthquakes, respectively. Energy spectral density curves for the omega square model are inset. In large wave numbers, the PSDF in SW Japan is comparable to that in forearc side of NE Japan, while it is smaller than that in back arc side of NE Japan. The weak shortwavelength scale heterogeneity in SW Japan may reflect smaller number of quaternary volcanoes in this region compared to that in back arc side of NE Japan. We note that the crustal structure of SW Japan is more close to that of Korean Peninsula, the stable continental region [Yun et al., 2007] .
Directionality of the Envelope
[43] To discuss the directionality of the maximum energy density observed in this study, we summarize the previous study by Takemura et al. [2009] and ours in Table 2 . Takemura et al. [2009] examined directionality of the maximum transverse amplitude normalized by the maximum RMS horizontal amplitude using the strike-slip-type aftershocks of the 2000 Western Tottori Earthquake that occurred in SW Japan. Their target region is close to ours, which is the reason why we select their study for the comparison.
[44] The results by Takemura et al. [2009] do not show clear directionality over 5 Hz at distances less than 90 km, which appears to be different from our results. However, we note that the depths of the earthquakes we analyzed are deeper than 40 km, while Takemura et al. [2009] analyzed crustal earthquakes with the depths shallower than 20 km.
Since the raypath of the 40 km depth earthquake mostly propagates through the upper mantle, where heterogeneity is much weaker than that in the crust [Margerin et al., 1999] , it is not surprising that our result still shows clearer directionality.
[45] Moreover, the analysis methods of the two studies are different; we use the maximum energy density normalized by the distance decay curve, while Takemura et al. [2009] used the maximum transverse amplitude normalized by the maximum RMS horizontal amplitude. We show the maximum S wave transverse energy density normalized by the maximum S wave total energy density in Figure 17 . The thin black curves are smoothing curves as Figures 13 and 14 . We do not separate the vertical and the radial components because the depth dependent velocity structure may strongly affect the energy partition between these two components. The synthesized transverse to total maximum energy density ratio shows a clear directionality varying from 0.6 to 0.9 in all frequencies. However, the observations vary much more widely with the mean values from 0.4 to 0.5, which are systematically lower than the syntheses. This means that the observed energy density is more equally distributed among the three components than that expected from the syntheses even around the direct wave arrival. The observed directionality do not correlate with the synthesized one in frequencies over 2 Hz and at distances over 80 km, which supports the result by Takemura et al. [2009] . From these results, we confirm that directionality of the total maximum energy density and that of the energy partition in each component appear differently. The former appears in frequencies up to 16 Hz, however, the latter disappears by frequencies lower than a few Hz, which cannot be explained from the envelope synthesis method in this study.
Possible Application of the Synthesized Envelopes
[46] As shown in Figures 13 and 14 , we observe clear quadrant directionalities in frequencies up to 16 Hz, which is much higher than the corner frequency of the used earthquakes. This result suggests that the focal mechanism determined using seismograms band-pass filtered from 20 to 50 s remains even in the scale much smaller than the fault length for the selected two earthquakes. The high-frequency energy release shown in Figure 12 suggests the validity of the omega square model for the description of broadband source spectrum. Thus, by using the theoretical envelope synthesized by our method, we will be able to illuminate some aspects of small-scale behavior in the source process in addition to the small-scale medium heterogeneity. We may also use this envelope effectively for understanding the complex source process of volcanic earthquakes by considering the strong medium heterogeneity of volcano.
[47] In area of strong motion seismology, radiation pattern has been mostly neglected in the analysis of high-frequency records over a few Hz. However, our result suggests that nonspherical focal mechanism must be considered in the analysis of high-frequency records especially at short distance and for direct S wave, which are crucial for the strong motion prediction. Since our envelope synthesis method correctly describes directionality of direct S wave, we expect that this envelope will be a good alternative of the envelope Green's function based on the multiple isotropic scattering model used by Nakahara et al.'s [1998] envelope inversion method. Also, our envelope may be used for inversion of ambiguous energy radiation process such as early aftershocks (aftershock sequence immediately after the main shock [see Peng et al., 2007] ), nonvolcanic deep tremor [Maeda and Obara, 2009 ], because we don't need small earthquakes as empirical Green's function which is difficult to apply to such ambiguous events.
[48] Since our envelope synthesis method does not include the free surface and depth dependent velocity structure, our method cannot reproduce multiple reflections, refractions, and conversions. This is the main reason why we cannot explain observed coda waves in Figure 15 . Also, since heterogeneity in the shallow crust is more significant than that in the deep lithosphere [e.g., Margerin et al., 1999] , shallow earthquakes may generate more broadening than deep earthquakes do. These effects may cause systematic bias in estimation of the statistical parameters. To develop a more realistic envelope synthesis method, we need to include depth dependent background velocity and random heterogeneity in the simulation based on the forward scattering approximation. We note that some researchers have developed methods to include such effects in the MonteCarlo simulation [e.g., Hoshiba, 1994; Yoshimoto, 2000] .
Conclusion
[49] We have developed a method to synthesize statistically energy density envelopes in random media using the forward scattering approximation for a point shear dislocation source. The synthesized envelope clearly shows directionality around the direct wave arrival which reflects the radiation pattern. The original radiation pattern is smoothed and disappears as hypocentral distance increases, which is caused by the multiple forward scattering. Analyzing the duration and the maximum energy density of the envelopes recorded for two small strike-slip-type earthquakes those occurred in SW Japan, we estimate the parameters characterizing a von Karman-type random medium as " = 0.08 and = 0.9 assuming a = 5 km. The energy releases estimated for the two earthquakes are consistent with the theoretical energy release expected from the omega square model. The maximum energy density normalized by the distance decay curve shows a quadrant directionality in frequencies from 2 to 16 Hz at distances from 80 to 200 km, which reflects the original radiation pattern of the strike-slip-type focal mechanism. The directionality is smoothed as hypocentral distance increases because of the forward scattering. The S wave envelope duration also shows a quadrant pattern. The synthesized envelope well explains the observed directionality for both P and S waves even though the absolute azimuthal variation is underestimated. The observed transverse to total maximum S wave energy density ratio does not show systematic directionality, which is not expected from the synthesis. Nevertheless, the envelope synthesis method including a nonspherical radiation source developed in this study will be useful for the study of small-scale source mechanism and small-scale medium inhomogeneity.
